Abstract. The purpose of this paper is to establish some refinements of Riemann-Liouville fractional Hermite-Hadamard inequalities for (α, m)-logarithmically convex functions. By using our fractional integrals identities, we present some interesting and new left type fractional Hermite-Hadamard inequalities for once and twice differentiable (α, m)-logarithmically convex functions via powerful series.
Introduction
The subject of fractional calculus has become a rapidly growing area and has found applications in diverse fields ranging from physical sciences and engineering to biological sciences and economics. For more recent development on fractional calculus, one can see the monographs [1] [2] [3] [4] [5] [6] [7] [8] . Since the widely application of fractional integrals and importance of Hermite-Hadamard type inequalities, some authors extended to study fractional Hermite-Hadamard type inequalities according to the Hermite-Hadamard type inequalities for different classes functions. For more recent results, the readers can refer to [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the references therein.
Recently, Bai et al. [19] raised the new concept of (α, m)-logarithmically convex functions and established some interesting Hermite-Hadamard type inequalities of such functions. Next, Deng and Wang [17] generalized the results to right type fractional Hermite-Hadamard inequalities and improved the previous results [19] by replacing E i , i = 1, 2, 3 by some series. However, the corresponding left type fractional Hermite-Hadamard inequalities have not been reported. Note that some interesting left type fractional Hermite-Hadamard identities including the first and second order derivative of the function have been reported in [10, 15] . Thus, we can expect to derive some new left type fractional Hermite-Hadamard inequalities by using or modifying our identities in [10, 15] .
Motivated by [14, [17] [18] [19] , we will go on studying left type Riemann-Liouville fractional HermiteHadamard inequalities for (α, m)-logarithmically convex functions. The purpose of this paper is to establish left type fractional Hermite-Hadamard inequalities for (α, m)-logarithmically convex functions via the powerful series.
To end this section, we collect left type fractional integral equalities which will be widely used in the sequel. 
respectively. Here Γ(·) is the Gamma function.
, then the following equality for fractional integrals holds: 
where h(·) is defined by (1).
where
By Lemma 1.4 we have
where (·) is defined by (2) .
Preliminaries
In this section, we introduce notations, definitions, and preliminary facts. 
Lemma 2.2. (see [18] ) For α > 0 and k > 0, we have
Lemma 2.3. (see [14] ) For α > 0 and k > 0, z > 0, we have
Lemma 2.4. (see [17] ) For t ∈ [0, 1], we have
The First Main Results
In this section, we apply Lemma 1.3 to derive some left Hermite-Hadamard type inequalities for differentiable (α, m)-logarithmically convex functions. 
(ii) Case 2: k = 1. By Definition 2.1 and Lemma 1.3, we have
The proof is completed. 
, for k 1,
Proof. (i) Case 1: k 1. By Definition 2.1, Lemma 2.3, Lemma 1.3, and using Hölder inequality, we have
(ii) Case 2: k = 1. By Definition 2.1, Lemma 2.3, Lemma1.3, and using Hölder inequality, we have
The proof is done.
The Second Main Results
In this section, we apply another fractional integrals identity to derive some new left Hermite-Hadamard type inequalities for twice differentiable (α, m)-logarithmically convex functions. Now we are ready to present the main results in this section. 
Proof. (i) Case 1: k 1. By Definition 2.1, Lemma 2.2, Lemma 2.4 and Lemma 1.5, we have
(ii) Case 2: k = 1. By Definition 2.1, Lemma 2.2, Lemma 1.5, we have
The proof is done. 
Proof. (i) Case 1: k 1. By Definition 2.1, Lemma 2.2, Lemma 2.4, Lemma 1.5, and using Hölder inequality, we have
where we use the following inequality
(ii) Case 2: k = 1. By Definition 2.1, Lemma 1.5, and using Hölder inequality, we have
The Third Main Results
In this section, we apply Lemma 1.6 to derive some new left Hermite-Hadamard type inequalities for twice differentiable (α, m)-logarithmically convex functions. Now we are ready to present the main results in this section. 
